In this article, we study the higher-order regularity of the Kähler-Ricci flow on compact Kähler manifolds with semi-ample canonical line bundle. We proved, using a parabolic analogue of Hein-Tosatti's work on collapsing Calabi-Yau metrics, that when the generic fibers of the Iitaka fibration are biholomorphic to each other, the flow converges in C ∞ loctopology away from singular fibers to a negative Kähler-Einstein metric on the base manifold. In particular, we proved that the Ricci curvature of the flow is uniformly bounded on any compact subsets away from singular fibers when the generic fibers are biholomorphic to each other. 2 and [19], Song-Tian proved that the flow will converge to a generalized Kähler-Einstein metric in the sense of measure on the base manifold Σ as t → +∞. The generalized Kähler-Einstein metric ω Σ satisfies Ric(ω Σ ) = −ω Σ + ω WP , where ω WP is the Weil-Petersson's term which reflects the variation of complex structures of the fibers, which vanishes when the fibers are biholomorphic to each other. They conjectured that the regularity of convergence can be improved to C ∞ loc (f −1 (Σ\S))-convergence, and also (global) Gromov-Hausdroff convergence. These conjectures are open in general, although many progress have been made by many authors toward them (in particular, [5, 4, 9, 25, 22, 21, 7] ).
introduction
In this article, we study the normalized Kähler-Ricci flow: ∂g(t) ∂t = −Ric(g(t)) − g(t)
on a compact Kähler manifold X with semi-ample canonical line bundle K X . Such a manifold admits a Iitaka fibration structure given by a holomorphic map f : X → Σ ⊂ CP N with possibly singular fibers and possibly singular base manifold Σ. Let S ⊂ Σ be the union of the set of singular values of f and the singular set of Σ. The regular (also known as generic) fibers f −1 (z), where z ∈ Σ\S, are Calabi-Yau manifolds. The dimension of Σ is the Kodaira dimension of X. We focus on the case when 0 < dim Σ < dim X, and we let dim C Σ = m and dim C X = m + n, so that the Calabi-Yau fibers have complex dimension n. The Kähler-Ricci flow under this setting (assuming 0 < dim Σ < dim X) has been extensively studied by various authors [18, 19, 31, 5, 4, 20, 25, 26, 22, 28, 29, 3, 30, 21, 11, 12, 7] . In particular, the semi-ampleness of K X implies the nefness and hence the flow has a long-time solution by the results of [1, 27, 23] . When X is projective, the abundance conjecture predicts that the nefness of K X is equivalent to its semi-ampleness. And hence, it is natural and tempting to consider the behaviour of the flow as t → ∞ under the above setting. In [18] This work cannot be done without their support. Part of the works was done when the second author visited the Institute of Mathematical Science at The Chinese University of Hong Kong, which he would like to thank for the hospitality.
Preliminary
First let us start with the classical gradient estimates on manifolds with non-negative Ricci curvature. This will be used to study the ancient solutions to heat equation. Proposition 2.1. Let (M n , g) be a complete non-compact Riemannian manifold with Ric(g) ≥ 0. Suppose u is a solution to heat equation, (∂ t − ∆)u = 0 on Q p,R = B g (p, R) × (−R 2 , 0] for some R > 0 and p ∈ M, then
Proof. The proof is standard. For reader's convenience, we include the proof here. By consideringg = R −2 g andũ(x, t) = u(x, R 2 t), we may assume R = 1.
By the heat equation of u, we have
where we have used Ric ≥ 0 on the evolution equation of |∇u| 2 . On the other hand, by Laplacian comparison there is C n > 0 such that for all d g (x, p) ≥ 1 4 , ∆d g (x, p) ≤ C n in the barrier sense. By the trick of Calabi, we may assume d g (x, p) to be smooth when we apply maximum principle. Let Φ(x, t) = φ(d g (x, p)) where φ is a smooth non-increasing function on R so that φ ≡ 1 on (−∞, 1 2 ], vanishes outside (−∞, 1] and satisfies |φ ′ | 2 ≤ 100φ, φ ′′ ≥ −100. Consider test function F = (t + 1)Φ|∇u| 2 + Au 2 where A is a constant to be fixed later. Then
provided that we choose A > C n . Result follows from maximum principle.
By letting R → +∞, the following Liouville theorem is immediate. Next, we need the local estimates of the Kähler-Ricci flow which is an consequence of Evans-Krylov theory [2, 13] , see also [17] for a proof using maximum principle. By parametrizing the time, we have the following local estimates of Kähler-Ricci flow. This will be used extensively in the rest of the paper. Theorem 2.1. Let B 1 (0) be a Euclidean unit ball and g(t) is a solution to ∂ t ω = −Ric(ω) − kω on B 1 (0) × [0, T ] so that A −1 g C n ≤ g(t) ≤ Ag C n for some A > 1, |k| ≤ k 0 . Then for all m ∈ N, there exist C(n, m, T, A, k 0 )'s such that for all t ∈ [ 1 2 T, T ], sup
|∇ m,g C n g(t)| ≤ C(n, m, T, A, k 0 ).
We also need the following Liouville theorems for the Ricci flat Kähler metrics on C n and C n × Y where Y is a compact Calabi-Yau Kähler manifold.
Theorem 2.2 ([16] ). Let ω be a Ricci flat Kähler metric on C n such that
where ω C n is the standard Euclidean metric on C n , then ω is constant.
The Liouville theorem on product background was proved by Hein in [8] , see also [14] for an alternative proof using Li's mean value Theorem [15] . Here we state a slightly simplified form which is cleaner and sufficient for our purpose.
Remark 2.1. In term of Kähler-Ricci flow, Theorem 2.2 and 2.3 can be interpreted as a gap theorem of static solution. In fact, it is not difficult to generalize Theorem 2.2 to the case when ω(t) is only an ancient solution to the Kähler-Ricci flow. It will be interesting to know if the same phenomenon is still true in the product case. More precisely, if ω(t) = ω P + √ −1∂∂ϕ(t) is an ancient solution to the Kähler-Ricci flow uniformly equivalent to ω P for all t < 0, then is it true that ω P (t) ≡ ω P ?
Schauder estimates on cylinders
In this section, we will derive Schauder estimates for heat equations on cylinders. We start with the definition of Hölder semi-norm of a time depending tensor σ(t).
Definition 3.1. Let (M, g) be a complete Riemannian manifold and E → M be a vector bundle on M with fiber metric h and the h-preserving connection ∇. If x, y ∈ M and if there is a unique minimal g-geodesic γ joining from x to y, then we let P g x,y be the ∇-parallel translation on E along −γ. Let Q g p,R = B g (p, R) × (−R 2 , 0] be the parabolic cylinder where B g (p, R) is the g-geodesic ball of radius R centred at p ∈ M. Then for all sections σ ∈ C α,α/2 loc (Q g (p, 2R), E), we define the parabolic Hölder semi-norm to be
where the sup is taken over all (x, t), (y, s) ∈ Q g p,R such that (x, t) = (y, s) and P g x,y is defined.
For notational convenience, we say that σ
In the following, we will drop the index g of metric when the content is clear. The goal of this section is to prove the following parabolic Schauder estimates on cylinders. Throughout this section, we will assume ⋆ (Y, g Y ) is a closed Kähler manifold with Ric(g Y ) = 0. Theorem 3.1. Let m ∈ N and equip C m × Y with the product Riemannian metric g P = g C m + g Y . Then for any k ∈ N ≥2 , α ∈ (0, 1), there exists a constant C(α, m, k, g Y ) such that for all x ∈ C m × Y and 0 < ρ < R,
where ✷ = ∂ t − ∆ and ∆ denotes the Hodge Laplacian with respect to g P .
First, we need some preparation lemmas. The following lemma provides a interpolation inequality on Riemannian cylinders. Lemma 3.1. Let E → Y be a metric vector bundle with metric connection ∇. Extend E trivially to C m × Y and extend ∇ by trivially adding ∇ R m . Let g P be the product metric, then for all k ∈ N ≥1 , α ∈ (0, 1), there is C(m, g Y , k, α) > 0 such that
Proof. By [10, Lemma 3.5] , there exists C(m, g Y , k, α) such that for each fixed
For later purpose, we need an interpolation between Hölder semi-norms.
Proof. Let (p, t), (q, s) ∈ Q x,ρ be two points such that P g P p,q is well-defined and [∇ k,g P σ] α,α/2,Qx,ρ = |∇ k,g P σ(p, t) − (P g P p,q ∇ k,g P σ(q, s))| g P (d(p, q) + |t − s| 1/2 ) α .
If d(p, q) + |t − s| 1/2 ≥ R − ρ, then the conclusion follows immediately from sup norm ||∇ k,g P σ|| ∞,Q x,R and Lemma 3.1. Hence it suffices to consider d(p, q)
First we note that for any tensor τ and geodesic γ emerging from x = γ(0),
Hence, (R − ρ) k+α I can be controlled easily by the right hand side in the conclusions using Lemma 3.1. It suffices to consider the second term II.
where P g P y,γ(ε) τ (z) denotes the parallel transport of τ (z) along the geodesic from z = γ(ε) to y = γ(0). Apply (3.2) repeatedly to A, B and C yielding
Hence,
where we have used |t − s| 1/2 + d(p, q) ≤ R − ρ. The conclusion follows from Lemma 3.1 since it is true for any unit direction v.
If v is a unit vector in the base direction, then the argument in Case 1 can be carried over as we can choose γ(t) to be a horizontal line.
If v is a unit vector in the fibre direction, then [10, Lemma 3.3] with appropriate choice of vector bundle E (for example, see [10, page 30]) will imply for any (p, t) ∈ Q x,ρ ,
Here we use f to denote covariant derivatives in the fibre direction. Hence, This completes the proof by combining two cases.
We will denote ∂ ∂t − ∆ = ✷. We will first establish the main step of the proof of Theorem 3.1.
Proposition 3.1. Under the assumption in Theorem 3.1, for all ε > 0, there
Proof. We will modify the argument in [10, Proposition 3.9 & Theorem 3.13].
In the proof, all convergence means sub-sequence convergence for notational convenience. Suppose the statement is false, then there exists ε > 0, and sequences of
0] be two points in Q x i ,δ i R i such that the Hölder seminorm on the left hand side is attained at p i andp i . We may also assume [∇ k,g P η i ] α,α/2,Q x i ,δ i R i = 1 by rescaling.
There exists a constant C such that after passing to a subsequence,
Proof of claim. The first inequality and the third equality follow directly from the definition of
Moreover, the second inequality holds as long as R i is bounded since the projection map is norm decreasing. Therefore, it suffices to consider the case: R i → +∞. Suppose the estimate does not hold,
we have semi-Hölder estimates ofη i and ✷η i on shifted cylindrical domain. Hence, the rescaled function µ −1 iη i has bounded Hölder norm and hence converges to η ∞ which satisfies
from the vanishing of semi-Hölder norm. By the proof of [10, Proposition 3.11], η ∞ is still √ −1∂∂-exact 2 form, it follows that η ∞ ∈ L and that LJ ∞ η ∞ = 0. However LJ iηi = 0 from construction and hence yields a contradiction after passing to limit.
where we denoteQ p,r = B g i (p, r) × (−r 2 , 0]. Moreover, Hölder seminorm (which is 1 now) on the left hand side is still attained byp i andq i . By translation, we will also assumet i = 0 ands i < 0. Noted also that for i sufficiently large, we have
In this case, (C m ×Y, g i , x i ) converges to (C m+n , g C m+n , 0) in the Cheeger-Gromov sense. In particular, (3.8) will degenerate as i → +∞. We need to modify u i further in order to apply compactness. We may assume that ∇ m,g i u i (p i ) = ∇ l,g i ∂ t u i (p i ) = 0 for all m = 0, ..., k and l = 0, ..., k − 2. This can be done by subtracting its k-th Taylor polynomial atp i under the normal coordinate around it (together with the time variables), see [10, page 19] for the detailed argument with B(x i , R) replaced by the parabolic domaiñ
We mayp i → p ∞ = (0, 0, 0) ∈ Q. Therefore, (3.9) and the Hölder seminorm in (3.7) allow us to take
Clearly, we have [∇ k,g P u] α,α/2,Q = 0 and [∇ k−2,g P ✷ g P u] α,α/2,Q = 0. By the argument in [10, Proposition 3.11], we may assume u = √ −1∂∂h for some function h. By Kähler identity, [∇ k−2,g P √ −1∂∂(✷h)] α,α/2,Q = 0 and hence
From [∇ k,g P √ −1∂∂h] α,α/2,Q < +∞, E R is finite since |∂ŵ| + |ŵ| is of polynomial growth uniformly in t. Furthermore we can do integration by part due to the growth rate. For R >> 1,
Combines with the inequality of E ′ R (t), we conclude that for R sufficiently large,
is also of polynomial growth. Apply Moser iteration on each fiber {z} × Y , |w| is also of polynomial growth on Q. Since g P is Ricci flat and w is harmonic, |∂w| is also of polynomial growth by Proposition 2.1 or Cheng-Yau's gradient estimate. Applying the above argument on time independent energỹ
we can show thatẼ R ≡ 0 for sufficiently large R and hence w ≡ 0.
Since g P is a product metric, we can now regard h as a function on C m × (−∞, 0] and satisfies ✷ C m D k √ −1∂∂h = 0. By Proposition 2.1 on its coefficients, we have D k √ −1∂∂h ≡ c k which contradicts with the non-vanishing semi-Hölder norm of ∇ k,g P u.
for sufficiently large i. Here all norms and semi-norms are calculated with respect to the product metric g P . Hence, we may let u i → u in at least C 2,1 loc and satisfies
for all m ≤ k and l ≤ k − 2. Denote b and f the base and fiber direction. Then we have
Here we have used pullback of (3.7) under F i . Since the estimate is uniform independent of z and t, result follows.
With the equation (3.13), (3.14) , (3.15 ) and Claim 3.3, the proof of the Claim 3 in [10, Proposition 3.9] can now be carried over by replacing the operator L g with the heat operator ✷ g and deriving contradiction using Proposition 2.1. Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. The proof is standard using Proposition 3.1. We include it for sake of completeness. Fix 1 100 > ε > 0 and obtain δ 0 (ε) and C 1 (ε) from Proposition 3.1. Let δ = min{ 1 100 , δ 0 }. Let p, q ∈ B x,ρ and connected by a unique g P minimal geodesic. Let s, t ∈ (−ρ 2 , 0]. If d g P (p, q) + |s − t| 1/2 ≥ δ(R − ρ), then
If d g P (x, y) + |s − t| 1/2 < δ(R − ρ), then apply Proposition 3.1 with Q p,R replaced by Q x,R−ρ (here we may need to translate t to 0 if necessary) to show that
Hence in any case, we also have 
To summarize, we have shown that for all 0 ≤ ρ < R, 
Local estimates of Kähler-Ricci flow
In this section, we will adapt the idea in [10] and apply the cylindrical parabolic Schauder estimates to study the higher order regularity of Kähler-Ricci flow on X with semi-ample canonical line bundle K X . Let (X, ω 0 ) be a compact Kähler manifold and ω(t) be a long-time solution to the normalized Kähler-Ricci flow
The semi-ample condition on K X induces a Calabi-Yau fibration structure f : X m+n → Σ m ⊂ CP N with possibly singular fibers. Denote the set of singular set of Σ and critical value of f by S. By [19] , there exists a smooth Kähler metric ω Σ on Σ n \S satisfying the generalized Kähler-Einstein equation. Fix an open ball B ⊂⊂ Σ\S, we may assume B = B 1 = B C m (1) to be the Euclidean unit ball by rescaling and ω Σ = √ −1∂∂v for some v ∈ C ∞ (B). Throughout this section, we will consider the special case that for some ε > 0, the regular fibers over B 1+ε are biholomorphic to each other so that
is a closed Kähler manifold with Ric(ω Y ) = 0. We will still denote ω Σ and v to be their pull-back on B 1+ε × Y .
The main goal of this section is to prove the following local higher order regularity of ω(t). Under the above setting, it was already proved by the first author and Zhang [4] that there exists C > 1 such that for all t ∈ [0, +∞),
where ω P (t) = ω C m + e −t ω Y .
Theorem 4.1. Under the above setting. Denote the reference g P (t) = g C m + e −t g Y , then for all k ∈ N, there exist C k 's such that for all t ∈ [0, +∞),
In particular, given any Kähler metric g X on X, compact set Ω away from singular fiber and k ∈ N, there exist C(k, Ω, g X ) such that for all t ∈ [0, +∞),
Now let us formulate the Kähler-Ricci flow setting. First we need to modify the set-up a bit in order apply the Schauder estimates. By [8, Proposition 3.1], there exists a biholomorphism Λ of B × Y such that Λ * ω 0 = ω Y + √ −1∂∂u for some smooth function u. Note that [8, Proposition 3.1] is stated with B = C m but the proof also applies on Euclidean Ball B. Furthermore, Λ is in form of Λ(z, y) = (z, y + σ(z)) for some holomorphic function σ from B to the space of g Y -parallel (1, 0) vector fields on Y , we refer readers to [8, (1.1)] for detailed exposition.
For a given normalized Kähler-Ricci flow ω(t), the pull-back of ω(t) by Λ is also a solution to the normalized Kähler-Ricci flow on B × Y × [0, +∞). Let ϕ be the solution to the following ordinary differential equation: Proof of Theorem 4.1. The argument is almost identical to [10, Corollary 1.3], we include the proof for reader's convenience. By Proposition 4.1, for all k ∈ N, there exist C k 's such that for all t ∈ [0, +∞), sup B×Y |∇ k,g P (t) (Λ * g(t))| g P (t) ≤ C k .
When k = 1, due to (4.2), it suffices to show that |∇ g P (t) −∇ Λ * g P (t) | g P (t) ≤ C on B × Y for some C independent of t → +∞. For each t ∈ [0, +∞), by rescaling and pulling back g P (t) and Λ * g P (t) under the diffeomorphism given by Φ t (z, y) = (e −t/2 z, y), it is equivalent to show |∇ g P − ∇ĝ P | g P ≤ Ce −t/2 for all t > 0 where g P = g C m + g Y andĝ P =Φ * t g P whereΦ t (z, y) = (z, y + σ(e −t/2 z)). The estimates follows immediately as |∇ g Pĝ P | g P ≤ Ce −t due to spatial stretching from pull back and the fact that σ takes values in the g Y parallel vector fields on Y . The argument for k > 1, note that
By similar argument and induction, this is not difficult to prove that ∇ k,g P (t) and ∇ k,Λ * g P (t) can be interchanged with a harmless error. This will complete the proof.
It remains to prove Proposition 4.1.
Proof of Proposition 4.1. Let us fix some notations before we begin the proof. We will use ω P (t) = ω C m + e −t ω Y and ω P = ω C m + ω Y to denote the product reference metric and product metric on B × Y respectively. Note that the connection induced by ω P and ω P (t) are identical due to the product structure. We will also denote B r to be ball of radius r in C m .
For each k ≥ 0, define a function µ k (x, t) by
It suffices to prove that each µ k is uniformly bounded on B ×Y ×[0, +∞) which in turn implies uniform boundedness of |∇ k,g P (t) Λ * g(t)| on
And hence the main result will follow by appropriate rescaling or covering argument. When k = 0, the boundedness of µ 0 (x, t) has already been done using (4.2). The main goal is to improve the regularity using (4.2). Let k ≥ 1. Suppose on the contrary that
for some C > 0 and µ k is not bounded uniformly as t → +∞. Then there exist sequences x i ∈ B × Y and t i → +∞ such that
Define the rescaling factor by:
g P (t i ) (x i ). To see that K i → +∞, we recall that d g P (t i ) (x, ∂B × Y )) is bounded above from g P (t) ≤ g P , so we have
Define the biholomorphism Ψ i :
By (4.2), we still have
On the other hand, for anyx ∈ B K i × Y , one can easily verify that:
In particular, by (4.7)
where we have used
Hence, the pointed limit with base pointx i will be complete. Moreover, since µ k (·, t i ) attains its maximum at (x i , t i ) and g P,i (t) is decreasing with respect to t, we can use triangle inequality to deduce that for allx
The second inequality follows from (4.6). In particular, this gives the regularity of g i (t) with respect to the reference metric g P,i (t) which is possibly collapsing. Next, we consider the pointed limit of (B K i × Y, g P,i (0),x i ). By translation in C m , we may assumex i = (0, y i ) ∈ C m × Y . Next we need to compare the rescaling (4.8) with the original collapsing speed. There are three possibilities, either δ i → +∞, δ i → δ 0 > 0 or δ i → 0 where δ i = K i e −t i /2 . CASE 1. δ i → +∞: In this case, g P,i (t) does not converge as the g Y coefficient blows up. However, we can consider a local coordinate chart (∆; y 1 , · · · , y 1 ) near the limit point
which exists after passing to a subsequence. We may assume ∆ is the unit ball in C n , and denote by ∆ R the open ball with radius R in C n . We further define a biholomorphism Φ i :
Express g Y in terms of local coordinates:
g Y (y 1 · · · , y n ) = 2Re (g Y ) kl (y 1 , · · · , y n ) dy k ⊗ dȳ l .
With (4.8), this shows
Note that we have used the fact that δ i → +∞. In other words the pull-back metric Φ * i g P,i (t) converges to the Euclidean metric, and so on compact subsets of (C m × Y ) × [0, ∞), we may assume Φ * i g P,i (t) is uniformly equivalent to the Euclidean metric for large i.
Recall that from (4.10), Φ * i g P,i (t) and Φ * i g i (t) are uniformly equivalent, and furthermore by pulling back (4.9), Φ * i g i (t) satisfies an "approximated" Ricci flow equation:
. Hence, by Theorem 2.1, we have for any k ≥ 1 and any compact subset
. With (4.12), we then conclude that the following pointed manifold
converges uniformly in C ∞ -Cheeger-Gromov sense to a complete limit space
As Φ * i g i (t) and Φ * i g P,i (t) are all uniformly equivalent to the Euclidean metric (independent of both t and i), the limit metric g ∞ (t) is also uniformly equivalent to the Euclidean metric. Clearly, g ∞ (t) satisfies
By [20] , the scalar curvature of the original solution g(t) to (4.1) is always uniformly bounded (regardless of whether there are singular fibers and of the topological type of the fibers). This shows sup
and by letting i → +∞, the limit metric g ∞ (t) is scalar flat and hence Ricci flat using ∂ ∂t − ∆ R = |Ric| 2 .
As g ∞ (0) is uniformly equivalent to the Euclidean metric on C m × C n , it is parallel with respect to the Euclidean metric by Theorem 2.2. In particular, it shows for any k ≥ 1, we have
On the other hand, by pulling back (4.13) under Φ i and let i → +∞, we have
which is impossible.
We may assume δ 0 = 1 by rescaling. Clearly,
With the Liouville's Theorem of Kähler Ricci-flat metrics on C m × Y , Cases (1) and (2) are similar. The difference between Cases (1) and (2) is that in the later case we do not need to consider the biholomoprhism Φ i to blow up Y locally aroundx i .
Similar to Case (1), g i (t) satisfies an approximated Ricci flow equation
. By (4.10) and Theorem 2.1, one also has the local C k -estimates (for any k ≥ 1) for g i (t) with respect to g C m + g Y , and so the pointed space
, g i (t),x i converges in C ∞ -Cheeger-Gromov sense to a complete limit space
with g ∞ (t) = g ∞ being a Ricci-flat Kähler metric for any t ∈ (−∞, 0]. As g ∞ (0) is uniformly equivalent to g C m + g Y on C m × Y , by Theorem 2.3 it is parallel with respect to g C m + g Y , but it contradicts to the fact that ∇ k,g P,i (0) g i (0) g P,i (0) (x i ) = 1 for any i.
Hence, this case is ruled out. CASE 3. δ i → 0: Since g P,i (t) is product metric, we have ∇ g P,i (t) = ∇ g P . Using the fact that g P,i (t) ≤ g P for all t < 0, (4.14), (4.12) and (4.10) imply that for any R > 0, there exists C(R) such that for all i ∈ N,
Hence by Ascoli-Aezelà Theorem, for each t ∈ (−∞, 0], g i (t) converges in
Kähler metric on C m uniformly equivalent to g C m independent of t using (4.10). When k = 1, g ∞ (t) is Kähler in the sense that it is weakly closed. The main idea is to show that g ∞ (t) satisfies ω ∞ (t) m = cω m C m for some constant c > 0 independent of t and hence constant by Theorem 2.2 which contradicts with (4.13). First, we need a slightly better regularity of g i (t) with respect to g P,i (t).
Claim 1. For all α ∈ (0, 1), there exists ε > 0 and C > 0 such that for all i ∈ N,
Proof. Let ε > 0 be a constant to be determined and we will denote constants depending on ε by C ε . Let Φ i :
Y be a biholomorphism given by Φ i (z, y) = (δ i z, y). Consider the parabolic rescaled metrics,
is an approximated solution to the Kähler-Ricci flow:
We may also write η P,i (t) = ω C m + exp(−e −t i t)ω Y and η P,i (0) ≡ g P = g C m + g Y . Moreover, (4.14) implies that for all
When k = 1, the third inequality is an empty statement. Since η P,i (t) induces the same connection as g P and η P,i (t) is uniformly equivalent to g P on (4.17) can be replaced by
For notational convenience, we may assume whereω
To simplify the notation, we define
so that (4.20)
Noted that ξ is unbounded in L ∞ , and hence the parabolic Schauder estimates do not apply directly on ξ. Instead, we apply on √ −1∂∂ξ. Taking √ −1∂∂ on both sides of (4.23) and using the Kähler identity, we have
where we have used the Hodge Laplacian. Since e −t i /2 ≤ δ i , we have (4.25) [
which follows easily from spatial stretching of pull back since v only depends on the base. By Theorem 3.1, for any 0 < ρ < R ≤ (2δ) −1 , By (4.18) ,
For I and II, we need to make strong use of the linearized Monge-Ampère equation (4.24) . Since Since C and D are similar, we only consider C. Sinceη is product metric, ∇ g P = ∇η. Hence, ∇ g Pη (t) ≡ 0 and thus,
Hence, (4.21) and (4.18) will imply (4.29)
Using (4.18) with Lemma 3.2,
(4.30)
We need more information of √ −1∂∂ξ for A and B.
Subclaim 4.1. For any ε > 0, there is N such that for all i > N,
Proof of subclaim. From the uniform equivalence of metrics (4.18), (4.16) and Theorem 2.1, η i (t) is bounded locally uniformly on Q εδ −1 in any C k loc independent i → +∞. Hence, η i (t) converges in C ∞ loc to a an ancient solution of unnormalized Kähler-Ricci flow η ∞ (t) on C m × Y × (−∞, 0] = Q ∞ which is parallel with respect to ω P by (4.18) . Moreover, using the argument in CASE 2, η ∞ (t) ≡ η ∞ is a Ricci-flat metric and is d-cohomologous to ω P by (4.20), (4.21) and [10, Proposition 3.11] . As pointed out in [10, page 27] , this implies η ∞ differs from ω P by a linear automorphism of C m . By pulling back the automorphism, we may assume η i (t) → ω P as i → ∞. In other word,
. Let i, j be the local coordinate on base C m , α, β be the local coordinate on fiber Y . Since η i (t) is positive definite and η P,i (t) is a product metric, it suffices to consider ξ ij and ξ αβ by Cauchy-Schwarz inequality. By [25, Theorem 1.2], for any compact set Ω away from the singular set, one have ω(t) → ω Σ in C 0 ω 0 ,Ω as t → +∞. This implies √ −1∂∂ϕ(t) → 0 in C 0 loc,ω 0 . In local coordinate,
(4.33) whereŝ = t i + e −t i 2t. Restricted to the base shows that for i sufficiently large,
For fiber direction, the proof is similar using our choice of ω Y and [25, Theorem 1.2] that e t ω(t)| X 0 → ω SRF,0 as t → +∞ on the fiber f −1 (0). This proves the claim.
Using (4.31), (4.18), 
The term A can be estimated in a similar manner. Hence by combining with (4.25), we get
(4.36)
Therefore by choosing ε small, we can find 1 > ε 0 > 0 such that for all 0 < ρ < R ≤ (2δ) −1 and i sufficiently large,
and hence the claim follows from pulling back to g i (t).
Remark 4.1. We note that one should be able to establish a bound of any C l norm around the central fiber using interpolation argument.
Thanks to Claim 1, we have a better regularity on g i (t) around the central fiber at t = 0. Therefore, g ∞ (t) is at least C k+α,1+α loc around it.
Claim 2:
where g C m is the flat metric on C m .
Proof. The proof is identical to that of [10, page 29, Claim 2] by replacing the family of Kähler Ricci-flat metrics ω t by Kähler-Ricci flow solution ω i (0). See also [24] for the origin of this argument. Proof. This follows from the estimates in [25] and the argument in [10] with some modifications. By (4.14), we know that if k > 1, then ∇ j,g P,i (t) g i (t) g P,i (t) → 0 for all j < k and so the claim is proved. Hence it suffices to consider k = 1.
Our goal is to show that ω ∞ = lim i→ ω i (0) satisfies
for some constant c. As shown at the beginning of proof of Claim 3, ω i (0) converges to ω ∞ in C α loc,g P as a tensor on C m ×Y . By (4.10), we can write
Here, with abuse of notations, we denote ω Σ | z=0 = (g Σ ) ij (0) dz i ∧ dz j which is an Euclidean metric. Also denote ϕ ∞ for the pullback of ϕ ∞ to C m × Y . Recall from (4.4) and (4.8) that Note that ω B,i (t) has only base components, so (ω B,i (t)) j = 0 for any j > m. so by expanding ω i (t) m+n we havê
Clearly, all the term with j > m vanishes since ω B,i + √ −1∂∂ϕ i are from base only. For those terms with j < m, we now claim that they all converge to 0 as i → ∞. By expanding (δ i ω Y + √ −1∂∂(ϕ i − ϕ i )) m+n−j , it suffices to consider the following integral where 0 ≤ k < m + n − j. 
where ω Y is a fixed metric, so one can apply Yau's estimate directly.
Moreover, (4.10) implies the base components of √ −1∂∂(ϕ i − ϕ i ) is uniformly bounded, so by Cauchy-Schwarz inequality, the mixed base-fiber components of √ −1∂∂(ϕ i − ϕ i ) are of O(δ i ). As η is independent of Y , by counting the contribution to the fiber direction, we claim that when j < m the integral (4.42) converges to 0 as i → +∞. It is because each term in √ −1∂∂η ∧ (ω B,i + √ −1∂∂ϕ i ) j ∧ (δ 2 i ω Y ) k has j + 1 many dz's and dz's, and k many dy's and dȳ's. By wedging with √ −1∂∂(ϕ i − ϕ i )) m+n−j−k−1 , only terms with n − k many dy's and dȳ's would not be annihilated. To summarize, the integral in (4.42) is of order:
. It proves our claim that the integral in (4.42) converges to 0 as i → +∞.
It remains to consider j = m, modulo the constants which is If n > k, then using integration by parts and counting the fiber component contributions in a similar manner as the above would show that they are zero. Hence it remains to consider as i → +∞. Observe that we also have
On the other hand, by [ where F = log det h det g . Note that (4.46) ∇ 2,h F = g −1 * ∇ 2,h g + g −1 * g −1 * ∇ h g * ∇ h g the Ricci curvature bound of g(t) follows immediately from above inequality and Theorem 4.1 by substituting g = g(t) and h = g P (t) since g(t) is uniformly equivalent to g P (t) independent of t > 0.
